Breaking the up-down symmetry of tokamaks removes a constraint limiting intrinsic momentum transport, and hence toroidal rotation, to be small. Using gyrokinetic theory, we study the effect of different up-down asymmetric flux surface shapes on the turbulent transport of momentum. This is done by perturbatively expanding the gyrokinetic equation in large flux surface shaping mode number. It is found that the momentum flux generated by shaping that lacks mirror symmetry (which is necessarily up-down asymmetric) has a power law scaling with the shaping mode number. However, the momentum flux generated by mirror symmetric flux surface shaping (even if it is up-down asymmetric) decays exponentially with large shaping mode number. These scalings are consistent with nonlinear local gyrokinetic simulations and indicate that low mode number shaping effects (e.g. elongation, triangularity) are optimal for creating rotation. Additionally it suggests that breaking the mirror symmetry of flux surfaces may generate significantly more toroidal rotation.
Introduction
Bulk toroidal rotation has been shown to be beneficial for plasma performance in tokamaks. It can stabilize the resistive wall mode, which allows violation of the Troyon limit [1, 2, 3, 4] , a fundamental constraint on how much plasma pressure can be confined with a given magnetic field [5] . Exceeding the Troyon limit directly improves the economic viability of a tokamak power plant [6, 7] . Furthermore, a strong gradient in toroidal rotation can reduce energy transport by shearing turbulent eddies [8, 9, 10, 11, 12] .
There are several mechanisms that currently generate rotation in tokamaks. Beams of neutral particles [13] and radio frequency waves [14] are commonly used to heat the plasma, but can also drive toroidal momentum. This externally injected momentum is significant in current experiments, but is expected to diminish in larger devices [15] .
Self-generated momentum transport, driven by plasma turbulence, is observed, even in the absence of external injection. It is called "intrinsic" momentum transport, but it is generally weak, creating rotation less than a tenth of plasma sound speed [16, 17] . Recently however, the strength of intrinsic rotation was explained through a symmetry of the gyrokinetic model [18, 19] , a set of equations that are believed to govern turbulence in the core of tokamaks [20] . This symmetry constrains the turbulent transport of momentum to be on the order of ρ * ≡ ρ i /a 1, the ratio of the ion gyroradius to the tokamak minor radius [21, 22, 23] . Reference [21] shows that, in the absence of preexisting rotation, this constraint holds as long as the tokamak flux surfaces are up-down symmetric (i.e. have mirror symmetry about the midplane). Further investigation suggests that breaking the up-down symmetry of the magnetic geometry is a practical means to generate significant plasma rotation [24, 25, 26, 27] . Hence it appears that up-down asymmetry is the most promising method to generate significant intrinsic momentum transport in a reactor-scale, initially stationary plasma [28] .
Subsequent work has demonstrated a new symmetry of the gyrokinetic model [29] . This symmetry means that poloidally translating all high order flux surface shaping effects by a single tilt angle has little effect on the transport properties of the equilibrium. This has important consequences for intrinsic rotation generated by up-down asymmetry because it creates a distinction between mirror symmetric tokamaks and non-mirror symmetric tokamaks, which we will explore in depth. "Mirror symmetric" refers to tokamaks that have flux surfaces with reflectional symmetry about some line in the poloidal plane. When the line of symmetry is the midplane the mirror symmetric tokamak can also be said to be "up-down symmetric." "Non-mirror symmetric" tokamaks have flux surfaces that do not have reflectional symmetry about any line in the poloidal plane.
In this work we compare the intrinsic momentum transport in magnetic geometries with different up-down asymmetric shaping effects. In section 2, we present the electrostatic gyrokinetic model and give a generalized version of the local Miller equilibrium, appropriate for specifying unusual up-down asymmetric configurations. Then, we expand the gyrokinetic equation order-by-order in large shaping mode number to compare the momentum flux generated by different types of flux surface shaping. In doing so we will present two distinct arguments concerning the momentum flux generated by the local equilibrium. First, in section 2.3, we calculate how the momentum flux scales with the shaping effect mode number given a specific set of simplified, nonmirror symmetric geometries. This is designed to give a concrete illustration of the more abstract and general scaling argument for non-mirror symmetric geometries presented in section 2.4. Second, in section 2.5, we apply the symmetry presented in reference [29] to establish the scaling of momentum flux with shaping mode number in mirror symmetric (but still up-down asymmetric) configurations. Then in section 3 we compare the analytic results of section 2 to nonlinear local gyrokinetic simulations. Lastly, section 4 gives a summary, a broad interpretation of the analytic scalings, and some concluding remarks.
Analytic gyrokinetic analysis
Gyrokinetics [30, 31, 32, 33, 34, 35, 36, 37, 38, 39 ] is a theoretical framework used to study plasma behavior with perpendicular wavenumbers comparable to the ion gyroradius (k ⊥ ρ i ∼ 1) and timescales much slower than the particle cyclotron frequencies (ω Ω i Ω e ). Fundamentally, gyrokinetics relies on an expansion in ρ * ≡ ρ i /a 1, where ρ i is the ion gyroradius and a is the tokamak minor radius. These particular scales have been experimentally shown to be appropriate for modeling turbulence [20] . In deriving the gyrokinetic equations, we expand the distribution function, f s = f s0 + f s1 + . . ., and assume the perturbation is small compared to the background (f s1 ∼ ρ * f s0 ) [40] . Additionally, for tokamak plasmas, axisymmetry implies radially confined orbits and the transport timescale usually exceeds the collisional timescale. As a result, the lowest order distribution function is assumed to be Maxwellian (f s0 = F M s ). Here
is the Maxwellian distribution function for species s, n s is the particle density, m s is the particle mass, T s is the temperature, and w is the velocity in the frame rotating with the plasma. In this work we will choose to neglect both electromagnetic effects (for simplicity) and pre-existing rotation (because we are interested in generating rotation in a stationary plasma). Given these assumptions, we can change the coordinates of the Fokker-Plank and quasineutrality equations from real-space coordinates to the guiding center position, i.e. the average position of the particle as it spirals around a magnetic field line. Then we can average over the gyrophase angle ϕ, i.e. the angle that determines the particle location on its circular motion perpendicular to the magnetic field. This gives the two governing equations of electrostatic gyrokinetics: the gyrokinetic equation and a modified version of the quasineutrality equation.
The electrostatic gyrokinetic equation, in the absence of rotation and collisions, can be Fourier-analyzed in the directions perpendicular to the magnetic field and written as [21] ∂h s ∂t
in the k ψ , k α , θ, w || , µ, ϕ, t coordinate system. Here h s is the Fourier-analyzed nonadiabatic portion of the distribution function, t is the time, w || is the component of the velocity parallel tob ≡ B/B, the magnetic field unit vector, θ is the usual cylindrical poloidal angle shown in figure 1 , µ ≡ m s w 2 ⊥ /2B is the magnetic moment, k ψ is the radial wavenumber, k α is the wavenumber within the flux surface and perpendicular to the magnetic field, µ 0 is the permeability of free space, Ω s ≡ Z s eB/m s is the gyrofrequency, p is the plasma pressure, ψ is the poloidal magnetic flux, φ is the Fourier-analyzed electrostatic potential, Z s is the particle charge number, and e is the electric charge of the proton. The magnetic drift coefficients are given by
where I (ψ) = RB ζ is the toroidal field flux function,
is a coordinate that selects a particular field line from a given flux surface,
is the integrand in the definition of α, and θ α (ψ) is a free function that determines the field line selected by α = 0 on each flux surface. The parallel acceleration is given by
The nonlinear term is
and the gyroaverage is given by
where
is the perpendicular wavenumber and J n (. . .) is the nth order Bessel function of the first kind.
The quasineutrality equation can be Fourier-analyzed and written as [21] 
Solving the gyrokinetic and quasineutrality equations for h s and φ allows us to calculate the electrostatic, turbulent flux of toroidal angular momentum according to [21] 
whereh s is the non-adiabatic perturbed distribution function (before Fourier analysis), δ E is the turbulent electric field, . .
is the Jacobian, . . . ∆ψ ≡ ∆ψ −1 ∆ψ (. . .) is the coarse-grain average over a radial distance ∆ψ (which is larger than the scale of the turbulence, but smaller than the scale of the device), . . . ∆t ≡ ∆t −1 ∆t (. . .) is the coarse-grain average over a time ∆t (which is longer than the turbulent decorrelation time), and
We note that the following eight coefficients contain all the information about the flux surface geometry:b · ∇θ, B, v dsψ , v dsα , a s|| , ∇ψ 2 , ∇ψ · ∇α, and ∇α
2
. In an up-down symmetric tokamak, the coefficients v dsψ , a s|| , and ∇ψ · ∇α are necessarily odd in θ, whileb · ∇θ, B, v dsα , ∇ψ 2 , and ∇α 2 are even. As shown in reference [21] , the parity of the geometric coefficients in an up-down symmetric tokamak has important consquences for overall symmetry properties of the gyrokinetic equations. The equations become invariant to the k ψ , k α , θ, w || , µ, t → −k ψ , k α , −θ, −w || , µ, t coordinate system transformation, which is not true in up-down asymmetric devices. This symmetry means that, given any solution h s k ψ , k α , θ, w || , µ, t , we can construct a second solution −h s −k ψ , k α , −θ, −w || , µ, t that will also satisfy the gyrokinetic equations. From equation (13) we see that this second solution will have a momentum flux that cancels that of the original. These two solutions are each valid for different initial conditions, but since the tokamak is presumed to be chaotic, both solutions will arise within a turbulent decorrelation time (statistically speaking). This demonstrates that, in the gyrokinetic limit, the time-averaged momentum flux must be zero in an up-down symmetric tokamak.
In subsection 2.1 we present a local MHD equilibrium specification that is appropriate for flux surfaces with arbitrary shaping. Then in subsection 2.2 we briefly preface the asymptotic expansion of the gyrokinetic model in large shaping mode number. In subsection 2.3, we first calculate the geometric coefficients in the large aspect ratio limit from the MHD equilibrium for a realistic, but simple example geometry. Using this geometry we expand the gyrokinetic equations to determine how the momentum flux scales with the mode number of the symmetry-breaking effect. This concrete example serves to illustrate the derivation for a general geometry without expanding in aspect ratio, which is detailed in subsection 2.4. Lastly, in subsection 2.5 we explain why mirror symmetric geometries are a special case and should be expected to have weak momentum transport.
Up-down asymmetric local Miller equilibrium
We will calculate the local value of the geometric coefficients that appear in the gyrokinetic equation by using the local Miller geometry model [41] . The Miller equilibrium model is a way of specifying the local tokamak equilibrium in the vicinity of a single flux surface of interest. The local equilibrium is completely described by the shape of the flux surface of interest (labeled by r ψ0 ), how this shape changes with r ψ (the minor radial coordinate), and four scalar quantities. Traditionally B 0 (the on-axis toroidal magnetic field), q (the safety factor),ŝ ≡ (r ψ0 /q) dq/dr ψ (the magnetic shear), and dp/dr ψ (the pressure gradient) are used. Typically, a combination of vertical elongation and positive triangularity are used to specify the flux surface shape, but in this work we will use a completely general flux surface shape specification (similar to that presented in reference [29] ).
Since we know that flux surfaces must be periodic in poloidal angle, we are free to Fourier analyze and express them as an infinite series of shaping modes. We will choose to specify the shape of the flux surface of interest in polar form (see figure 1 ) as
where m is the shaping mode number. Note that this is a completely general Fourier decomposition. The strength of each shaping effect is set by the parameter ∆ m . If only one shaping effect is present then ∆ m = b/a, where b and a are the maximum and minimum distance of the flux surface from the magnetic axis respectively. When m = 2, this definition reduces to the usual elongation (typically denoted by κ). The tilt angles, θ tm , control the relative strength of the sine and cosine terms for every m. Lastly, the flux surface label r ψ determines the constant Fourier term. Note the distinction between a (the minimum distance of a flux surface from the magnetic axis) and r ψ (a flux surface label that, as we will see, is defined through equation (19)).
•
An example flux surface of interest, r 0 (θ), needed by equation (19) for the Miller local equilibrium model. The (R, Z, ζ) coordinate system is defined such that the toroidal angle ζ and the plasma current are coming out of the page.
Differentiating equation (15) radially, we find
for each m. Note that for the local equilibrium all radially varying quantities are evaluated at r ψ = r ψ0 (or equivalently ψ = ψ 0 ), the flux surface of interest. The change in the strength, d∆ m /dr ψ , and tilt, dθ tm /dr ψ , of each mode would be determined by the global MHD equilibrium. This is governed by the Grad-Shafranov equation [42] and requires the entire radial current profile. In Appendix A we derive these quantities using a constant current profile in the limits of large aspect ratio and weak shaping. However, in the local Miller equilibrium model the radial variation of the flux surface shape is an input used to construct the poloidal magnetic field. After calculating the poloidal field, the Grad-Shafranov equation is used to calculate all higher order radial derivatives and approximate the global equilibrium. In summary, the flux surface geometry for the Miller local equilibrium model is completely specified by equations (15) , (16) , and
where r ψ0 , ∆ m , θ tm , δ∆ m , δθ tm , R 0 , q,ŝ, dp/dr ψ , and B 0 (the tokamak major radius) are inputs. We note that if r 0 (θ) = r 0 (−θ + θ 0 ) and ∂r/∂r ψ | ψ 0 ,θ = ∂r/∂r ψ | ψ 0 ,−θ+θ 0 for any θ 0 , then the tokamak is mirror symmetric, otherwise it is non-mirror symmetric. Similarly, if r 0 (θ) = r 0 (−θ) and ∂r/∂r ψ | ψ 0 ,θ = ∂r/∂r ψ | ψ 0 ,−θ , then the tokamak is updown symmetric (as well as mirror symmetric), otherwise it is up-down asymmetric.
The full calculation of all eight geometric coefficients is shown in Appendix B, but for brevity here we will only calculate them to lowest order in ≡ a/R 0 1 (i.e. the inverse aspect ratio). To lowest order in aspect ratio B → B 0 and a ||s → 0, so we can focus on the other six (b · ∇θ, v dsψ , v dsα , ∇ψ 2 , ∇ψ · ∇α, and ∇α 2 ). In this limit the momentum flux, given by equation (13), becomes
to lowest order in 1. For ease of notation we will not use q,ŝ, or dp/dr ψ as inputs to the Miller local equilibrium model. Instead, we will choose to replace q by dψ/dr ψ (see equation (B.3)). Also, when we expand to lowest order in aspect ratio, we will find that we can replace both dp/dr ψ andŝ (derived from dI/dψ) witĥ
where I (ψ) ≡ RB ζ is the toroidal field flux function, j ζ is the current density in the toroidal direction, and R is the major radial coordinate. We can make this replacement because the toroidal current, which appears on the right side of the Grad-Shafranov equation (see equation (27) ), is a flux function to lowest order in aspect ratio. We note that if the flux surfaces are exactly circular and dp/dr ψ = 0, thenŝ =ŝ. Using our geometry specification given by equations (15) through (21) and employing
where (u 1 , u 2 , u 3 ) is a cyclic permutation of (r ψ , θ, ζ), we can directly calculate the poloidal field,
This allows us to calculateb · ∇θ,
and ∇ψ
p to lowest order in aspect ratio. However, ∇α contains secondorder radial derivatives, which are not specified. The Miller model determines them by ensuring that the Grad-Shafranov equation [42] ,
is satisfied. With considerable work (shown in Appendix B), we can use the GradShafranov equation to calculate that
to lowest order in aspect ratio. Here
is the part of ∂A α /∂ψ that remains if the (r ψ , θ, ζ) coordinate system is orthogonal,
is the poloidal magnetic field curvature (defined such that the inwards normal direction is positive),b p ≡ B p /B p is the poloidal field unit vector, and l p is the poloidal arc length, defined such that
The form of equation (32) is useful because it does not contain any radial derivatives (except dψ/dr ψ which is an input to the calculation) and distinguishes the important term: the poloidal curvature. This allows us to find ∇ψ · ∇α, ∇α
2
, and
to lowest order in aspect ratio.
Asymptotic expansion ordering
We know from reference [21] that, unless the up-down symmetry of the geometric coefficients is broken, the time-averaged momentum flux will always be zero to lowest order in ρ * ≡ ρ i /a 1. We will investigate the consequences of breaking the up-down symmetry using different shaping effects. To do this we will expand equations (2), (11), and (22) in m 1 using
where the subscript indicates the order in m −1
1. This expansion separates the long spatial scale coordinate θ, from the short spatial scale coordinate
Distinguishing the variation on each scale, e.g. h s (θ, z) and φ (θ, z), means that
Ultimately we will only be interested in large scale phenomena, so we will need to average quantities in z using
but we must still manipulate the z-dependent portion, given by
Practical non-mirror symmetric shaping in the gyrokinetic model
In this section we will expand the large aspect ratio gyrokinetic, quasineutrality, and momentum flux equations order-by-order to determine the scaling of the momentum flux with m 1. Hence formally we require that 1 for the aspect ratio expansion and also that m
We perform the calculation for ∼ 1 in subsection 2.4. The shape of the flux surface of interest (and how it changes with radius) is completely specified by equations (15) through (21) . We will choose the ordering
because it is physical (see Appendix C), straightforward to treat analytically, and arises naturally from experimental flux surface shapes. For regular polygons,
, so we see that exceeding this scaling necessarily leads to flux surfaces with convex regions. With the exception of "bean-shaped" tokamaks [43] , practically all configurations have purely concave flux surfaces, so we know they respect this scaling. We can determine how to order the radial derivative by balancing it against the poloidal derivative in the Grad-Shafranov equation (see equations (A.3) and (A.15)) to find
Lastly, we take
to lowest order in aspect ratio (as seen in Appendix A and reference [26] ), so δθ tm = θ tm .
In this calculation, we will use flux surfaces with simple shaping that is not mirror symmetric. To create these flux surfaces, we include only two fast shaping effects, m and n, in equations (15) and (16) . They are free to have different strengths, ∆ m and ∆ n , and tilt angles, θ tm and θ tn . However, we order n − m ∼ 1 (implying that n ∼ m),
, and d∆ n /dr ψ ∼ d∆ m /dr ψ . Given these orderings equations (15) and (16) become
2.3.1. Geometric coefficients. To lowest order, O (1), the geometric coefficients are those of a circular tokamak and are entirely independent of the short spatial scale coordinate, z. To next order the coefficients depend on z, but are algebraically intensive to find. The full expressions for all six coefficients (and several intermediate quantities that are useful in the derivation) are given in Appendix D, but here we will only derive v dsα to serve as an illustrative example. This coefficient signifies the magnetic drifts in the direction perpendicular to the magnetic field, but still within the flux surface. We will start with equations (19), (20), (21), (45), and (46) and use them to construct all of the quantities appearing in equation (35), the expression for v dsα to lowest order in aspect ratio. It will be sufficient to calculate all quantities to O (m −1 ) with the exception of ∂R/∂θ and ∂Z/∂θ because they appear in the poloidal curvature with an extra poloidal derivative (see equation (33)). This extra derivative creates an additional factor of m,
. Directly differentiating equations (20) and (21) we find
From this point forward we will only need quantities to O (m −1 ) to accurately capture the up-down symmetry breaking. Substituting equations (49) and (50) into equation (34) gives
We can now substitute equations (49) through (55) into equation (33) to find
Next we will calculate
straightforwardly from equations (20) and (21) . We can determine ∇r ψ through equation (24) and
directly, whereê θ andê ζ are the poloidal and toroidal angle unit vectors respectively. With this we can find the coordinate scalar triple product to be
which is needed to calculate the second term of equation (35). Since we are using dψ/dr ψ as an input instead of q, it is simple to find ∂R/∂ψ from equation (58) in order to calculate the first term of equation (35) . At this point we see that we have calculated all of the quantities appearing in equation (35) , except for ∂α/∂ψ. This is specified by equation (30) and is made up of three terms. All of the terms require that we know
which is found using equations (25) , (34) , (61), (24) , and (62). Using equations (55), (56), and (63), we can calculate the integrand (see equation (32) ) that appears in the first term to be
B 0 to lowest order in aspect ratio. Finding the indefinite integral of equation (64) is straightforward and is explicitly given in Appendix D. The second term of equation (30) is found to be
by substituting equations (55), (60), (24) , and (63). At this point, by specifying the free parameter
we can use the third term of equation (30) to eliminate all of the terms in ∂α/∂ψ that do not depend on θ. Here θ 0 is defined such that the resulting integral does not have a term that is constant in poloidal angle. Additionally, we choose θ α (ψ 0 ) = 0 for simplicity. Given this choice, equation (30) becomes
Substituting equations (49), (58), (62), and (67) into equation (35) gives
To lowest order, this is the usual result for circular flux surfaces,
To next order this is a complicated expression with the form of
where D i are constants (the full expression is given in Appendix D). Even after averaging over z the last term remains, which has a coefficient of
As we will show shortly, this term, which does not disappear after averaging over z, breaks the up-down symmetry of the gyrokinetic equations to O (m −1 ). Appendix D gives the full expressions for all six geometric coefficients to lowest order in aspect ratio. We find those that do not depend on ∇α (i.e. v dsψ and ∇ψ and break the symmetry of the geometric coefficients to O (m −1 ). We note that κ p is "normal" curvature (i.e. perpendicular to the flux surface), as opposed to "geodesic" curvature (i.e. within the flux surface) [44] . The importance of κ p is surprising because it arises from the poloidal field, not the toroidal field. Usually the focus is on the "normal" curvature of the toroidal field because it generates the largest contribution to the total field line curvature that appears in the magnetic drifts. Ultimately, this beating between κ p and B
−2 p
is the dominate mechanism that breaks the up-down symmetry of the geometric coefficients to lowest order in aspect ratio. It is a subtle effect because it enters through the integral in ∂α/∂ψ (see equations (30) and (32)), which is contained in ∇α (see equation (28)). However, it does not enter into the magnetic drifts. From studying these equations we can see that this mechanism acts through altering the local magnetic shear (but without modifying the total magnetic shear). Therefore, in the perfect m 1 limit, adding a small amount of non-mirror symmetric shaping modifies local field line pitch from one flux surface to the next (without changing the field line spacing). This perturbs the local cross-sectional shape (i.e. the shape in the plane perpendicular to the field line) of the turbulent eddies as they wrap around the torus. Specifically, it tilts the eddy cross-sectional shape a small amount one way or the other, depending on the location along the field line. This non-mirror symmetric perturbation to the eddy is then acted on by the original mirror symmetric magnetic drifts.
The interaction of κ p and B 1 we will connect the symmetry-breaking of the geometric coefficients to symmetry-breaking of the distribution function and non-zero momentum flux.
O (m)
We see from equation (D.11) that b · ∇θ 0 is a constant, so integrating over z gives
2.3.3. O (1) quasineutrality equation. Expanding equation (11) to lowest order in m 1 gives
Using equations (72) and (D.17) we see that
2.3.4. O (1) gyrokinetic equation. Expanding equation (2) to O (1) gives
Averaging over z after using equations (72), (75), and (D.11) through (D.17) gives
which does not depend on z.
From equations (D.11) through (D.17) we see that equations (75) and (78) are unchanged by the k ψ , k α , θ, w || , µ, t → −k ψ , k α , −θ, −w || , µ, t coordinate system transformation when h s0 → −h s0 and φ 0 → −φ 0 . This symmetry of the O (1) gyrokinetic equations is important because, in exactly up-down symmetric tokamaks, it can be used to show that the momentum flux is zero (see the discussion immediately preceding equation (22)).
Subtracting equation (78) from equation (77) we find
Therefore, we know that
2.3.5. O (1) momentum transport. Expanding equation (22) to lowest order gives
Using equations (72), (75), (D.11), and (D.17) we find that
Therefore by the k ψ , k α , θ, w || , µ, t → −k ψ , k α , −θ, −w || , µ, t symmetry outlined in reference [21] we know that Π s0 = 0 when averaged over a turbulent decorrelation time.
Using equations (72), (80), and (D.17), then averaging over z gives
Note that φ 1 = 0. 
Averaging over z we find that
From equations (D.21) and (D.23) through (D.26) we see that equations (85) and (87) are 
After applying equations (D.17), (D.19), (72), (75), and (80) we find
Since neither (J 0 (k ⊥ ρ s )) 1 , φ 1 , nor h s1 have a definite parity in k ψ , k α , θ, w || , µ, t → −k ψ , k α , −θ, −w || , µ, t , we cannot constrain Π s1 to be zero. This means that we expect the momentum flux to scale as
thi , where v thi is the ion thermal speed. Since the energy flux Q s is non-zero to lowest order in m (i.e. circular flux surfaces still have a non-zero energy flux), we can also say that Π s /Q s ∼ m −1 R 0 /v thi .
General shaping in the gyrokinetic model
Section 2.3 showed that the momentum flux scales as O (m −1 ), given a specific nonmirror symmetric geometry (circular with two high-order cylindrical harmonic shaping effects) and a specific shaping ordering (∆ m − 1 ∼ m −2 ). However, this is a concrete, analytically tractable example of a more general argument. Here we will bound the symmetry breaking of the geometric coefficients by systematically ordering all of the quantities that compose them. We will make no presumptions about the slow spatial scale shaping (other than to assume up-down symmetry) nor will we order the size of the fast shaping (other than to assume ∆ m − 1 1). We note that the analysis of this section does not use an expansion in aspect ratio. Table 1 gives a step-by-step summary of the results of the calculation. To begin, we must make some choices concerning the nature of the flux surface shape. The first two rows define the assumptions concerning the fast flux surface shaping. We require that the fast shaping must be periodic, that r (θ, z) ∼ O ((∆ m − 1) r ψ0 ) on the flux surface of interest, and that ∂r/∂r ψ ∼ O (m (∆ m − 1)) (which we discussed previously in arriving at equation (43)). This is all consistent with equation (19) used in the calculation of section 2.3. Now, we can derive the orderings for increasingly complex quantities and eventually find the geometric coefficients. For example, we can use equations (20) and (21) to derive the order that shaping enters into R and Z. We also know that when we take a poloidal derivative of Q, a z-independent quantity, it remains of the same order. However, when we take a poloidal derivative of Q, the z-dependent part of a quantity, it gains an additional factor of m. Therefore, z-dependent part of ∂R/∂θ and ∂Z/∂θ are larger than R and Z by a factor of m. Also, when we calculate quantities such as ∇r ψ (see equation (24)) we get beating between the different fast shaping effects. Therefore, when we Taylor expand in m 1 and ∆ m − 1 1, the shaping in the numerator and denominators of ∇r ψ can interact to produce terms that vary on the slow scale. This means that, when we use equation (40) to average over z, these slow terms remain and can break the up-down symmetry. On the other hand, ∇θ and ∇ζ are justê θ /r and e ζ /R respectively, so their scalings can be found by directly Taylor expanding equations (15) and (20) .
As discussed at the end of section 2.3.1, the poloidal curvature, κ p , turns out to produce the most important symmetry-breaking term. In equation (33) We note that table 1 only establishes an upper bound on the scaling of geometric quantities. It is always possible, especially when given a specific geometry, for the terms Table 1 . Scalings of the strength of fast plasma shaping effects for various geometric quantities, where Q slow is the geometric quantity in the absence of any fast shaping (i.e. ∆ m = 1) and all quantities are evaluated at r ψ = r ψ0 .
Q
Reference
Eq. (16), (43) 
to vanish or become small, giving zero to the expected order. For example, unless the flux surfaces have low order shaping, the z-dependent portion of ∂l p /∂θ will scale as (∆ m − 1), rather than m (∆ m − 1). Similarly if the tokamak has a large aspect ratio or if the flux surfaces lack low order shaping the symmetry-breaking in v dsψ and a s|| turns out to be O (m 2 (∆ m − 1)), not O (m 3 (∆ m − 1)). Lastly, in section 2.5 we will see that, if the fast flux surface shaping has mirror symmetry, the geometric coefficients will maintain their symmetry to all orders.
We have just shown that, in general, the up-down symmetric breaking in the geometric coefficients can be no larger than O m 3 (∆ m − 1) 2 . If we give ∆ m − 1 a definite ordering in m, then we can expand the gyrokinetic equations (see equations (2), (11), and (22) 
However, there is one case that requires special treatment. Thus far we have only assumed that ∆ m − 1 1, which means we are free to use the ordering ∆ m − 1 ∼ m −1 . This ordering requires convex regions in the flux surface shape (see section 2.3), but it does not necessarily introduce x-points into the plasma (see Appendix C). When we adopt this ordering we see that the symmetry of the geometric coefficients is broken to O (m), which causes problems when we try to repeat the order-by-order expansion performed in section 2.3. Naively, as ∇ψ · ∇α and ∇α 2 become very large, we would expect the nonlinear and drive terms of the gyrokinetic equation to vanish (because J 0 (k ⊥ ρ s ) → 0), meaning unstable solutions appear impossible. A more careful, sophisticated treatment of the Bessel functions (and the gyrokinetic equation as a whole) is beyond the scope of this paper. Regardless, we have established that the momentum flux must scale as O (1) at the very least, because we know the that the symmetry of the O (1) gyrokinetic equation is broken. The same argument applies for ∆ m − 1 m −3/2 . In summary we expect that non-mirror symmetric fast flux surface shaping will generate intrinsic momentum flux that scales as
when ∆ m − 1 m −3/2 . We note that normalizing the momentum flux by Q s (the energy flux) does not change the scalings because the O (1) energy flux, that of circular flux surfaces, is non-zero. Equation (90) is consistent with section 2.3, where we used a ∆ m − 1 ∼ m −2 ordering with a particular geometry specification to derive that
Mirror symmetric shaping
In this section we will use the symmetry of the gyrokinetic model given in reference [29] to establish a scaling with m 1 for the momentum flux generated by flux surfaces with mirror symmetry. A result of this symmetry is that a poloidal translation of all the high order shaping effects (those of order m) by a single tilt angle only has an exponentially small effect on the turbulent transport. Since up-down symmetric configurations generate no momentum flux and all mirror symmetric geometries can be created by tilting an up-down symmetric configuration, we conclude that the momentum flux from mirror symmetric flux surfaces cannot scale more strongly than Π s ∼ exp (−βm γ ), where β and γ are both positive and do not depend on m.
This exponential scaling is true for all flux surfaces that have mirror symmetry about any line in the poloidal plane, not just those with mirror symmetry about the midplane (i.e. up-down symmetry). This argument only relies on the conditions needed for the symmetry, namely m 1. It does not presume that the flux surface shaping is weak.
This argument is consistent with the results from sections 2.3 and 2.4 because we must set ∆ n = 1, θ tn = θ tm , or n = m to create a mirror symmetric configuration. When we do so all of the symmetry-breaking terms cancel (see equations (69) and (70)).
Numerical results
In this section we will present numerical results to test the analytic conclusions of sections 2.3, 2.4, and 2.5. We use GS2 [45] , a local δf gyrokinetic code, to calculate the nonlinear turbulent fluxes generated by a given geometry. We investigate the influence of the shape of the flux surface of interest by scanning m, the poloidal shaping mode number. We will compare the results of these numerical scans to the analytic scalings with m 1 for mirror symmetric (see section 2.5) and non-mirror symmetric (see sections 2.3 and 2.4) geometries.
All simulations are electrostatic and collisionless with deuterium ions and kinetic electrons. Unless specified, all parameters are fixed at Cyclone base case values [46] : a minor radius of r ψ0 /a = 0.54, a major radius of R 0 /a = 3, a safety factor of q = 1.4, a magnetic shear ofŝ = 0.8, a temperature gradient of a/L T s = 2.3, and a density gradient of a/L ns = 0.733. Since the non-mirror symmetric geometries have strong flux surface shaping these simulations needed to be run using a/L T s = 3.0 to ensure that the turbulence was driven unstable. To estimate the impact of this on our results, a single mirror symmetric case was run at a/L T s = 3.0, in addition to the run with a/L T s = 2.3. Changing the temperature gradient was found to alter the ratio of the momentum to energy flux by less than a 5%. All simulations used at least 48 poloidal grid points, 127 radial wavenumber grid points, 22 poloidal wavenumber grid points, 12 energy grid points, and 10 untrapped pitch angle grid points (i.e. λ ≡ w 2 ⊥ / (w 2 B)). The geometry for both scans is shown in figure 2 and is specified by equations (A.17) and (A.18) from the Miller local equilibrium. The mirror symmetric scan has only one mode, m, while the non-mirror symmetric scan adds a second mode, n = m + 1. In section 2.3 we ordered ∆ m −1 ∼ m −2 , so we will set the strength of the shaping such that m 2 (∆ m − 1) = 1.5 and m 2 (∆ n − 1) = 1.5 (if needed) is constant in the scan. Assuming a constant current profile allows us to calculate the change in the flux surface shape with radius from ∆ m and ∆ n (see Appendix A). For the mirror symmetric simulations we chose the tilt angle to be θ tm = π/ (2m), the angle halfway between the neighboring up-down symmetric configurations (at θ tm = 0 and θ tm = π/m). For the non-mirror symmetric cases we must also specify θ tn = θ tm − π/ (2mn), which is the tilt angle halfway between two neighboring mirror symmetric configurations (at θ tn = θ tm and θ tn = θ tm − π/ (mn)). We also ran simulations with θ tn = θ tm + π/ (2mn), but those geometries did not drive significant momentum flux at any m.
In general, from the argument in section 2.4, we would predict the momentum flux in an up-down asymmetric geometry to scale as Π s /Q s ∼ m −1 R 0 /v thi . Indeed, we expect this to be the case for the non-mirror symmetric scan, as we confirmed in section 2.3. However, section 2.5 shows the mirror symmetric scan is a special case where the momentum flux almost entirely cancels, giving the scaling Π s /Q s ∼ exp (−βm γ ). Therefore we expect the momentum flux from the non-mirror symmetric runs to decay much more slowly as m is increased, compared to the the mirror symmetric simulations.
As with the momentum flux, we expect that the energy flux in non-mirror symmetric configurations should converge to that of circular flux surfaces like m −1 . In mirror symmetric configurations we expect the energy flux to have the same m −1 scaling, as opposed to the exponential scaling expected for the momentum flux. This is because the up-down symmetric terms in the geometric coefficients (e.g. the first term in equations (D.21), (D.23), and (D.24)) cause energy transport, whereas they do not cause momentum transport. Figure 3 shows the time-averaged ion energy flux calculated by GS2 for the two scans, which are both consistent our theoretical expectations. In figure 4 , we see the time-averaged ratio of the ion momentum and energy fluxes from the GS2 simulations. This ratio gives an estimate of how strong of a gradient in rotation the flux can sustain scan (red, dotted) . [25] . We see that the mirror symmetric configurations nicely agree with the analytic theory. We note that section 2.5 only demonstrates that the momentum flux from mirror symmetric configurations cannot scale polynomially. It does not predict the scaling must be exp (−m), as opposed to exp (−m/2) or exp (−m 2 ) for example. However, as shown in figure 4 , exp (−m) fits the data fairly well.
Additionally, figure 4 shows that the non-mirror symmetric configurations produce more rotation and decay more slowly with increasing m compared to the mirror symmetric scan (as we expected). However, at low m the scan does not match the predicted polynomial scaling well. It seems reasonable to attribute the departure from the ideal analytic theory to a failure to fully satisfy our assumption that m 1. Extending the scan to larger m is difficult as these simulations are much more expensive because they require higher poloidal resolution and produce smaller momentum fluxes, which then take longer to discern from the noisy turbulence.
Conclusions
This paper presents two independent arguments concerning the intrinsic momentum flux generated by turbulence in up-down asymmetric magnetic equilibria. In both arguments we use a generalization of the Miller local equilibrium to specify different up-down asymmetric geometries and look for the effect on the symmetry properties of the gyrokinetic model.
In sections 2.3 and 2.4 we introduce up-down asymmetric and non-mirror symmetric shaping with strength ∆ m − 1 into the flux surface. We then look at the limit of flux surface shaping with large poloidal mode number m and show that the gyrokinetic coefficients lose their symmetry to O m 3 (∆ m − 1) 2 due to the effect of the local magnetic shear. Next, we expand the gyrokinetic and quasineutrality equations to show that the symmetry breaking in the geometric coefficients causes momentum flux that generally scales as
In section 2.5, we use the gyrokinetic symmetry presented in reference [29] to argue that tokamaks with mirror symmetric flux surfaces are a special case. We find that all the symmetry-breaking terms identified in the previous argument exactly cancel and the momentum flux turns out to be smaller than would have been expected. This demonstrates that the momentum flux from tokamaks with mirror symmetric poloidal cross-sections is exponentially small in m, even when they are up-down asymmetric.
In order to interpret the results of these analytic arguments we will distinguish between "geometric" effects and "shaping" effects. Geometric effects are those that give a poloidal dependence to the geometric coefficients, apart from the linear dependence built into α due to magnetic shear. Shaping effects are the subset of the geometric effects that are specified in the flux surface shape or its radial derivative (i.e. the m = 0 terms in equations (15) and (16)). Using this terminology we see that the tokamak has an inherent m = 1 geometric effect due to toroidicity. However, we can see it is distinct from the m = 1 shaping effect (i.e. the Shafranov shift) by looking at the drift coefficients to lowest order in aspect ratio. The m = 1 toroidal geometric effect only appears in the two magnetic drift coefficients (see equations (D.11) and (D.13)), while the m = 1 shaping effect affects all six (see equations (D. 19) through (D.24) ). This toroidal geometric effect is not present in other magnetic geometries like the screw pinch.
From reference [21] we know that if the magnetic geometry does not include at least two geometric effects with different tilt angles the momentum flux must be small in ρ * 1. For example, to generate rotation in a tokamak we could use an up-down asymmetric shaping effect and the toroidal geometric effect (see top row of figure 2) or non-mirror symmetric shaping, which is two shaping effects with different tilt angles (see bottom row of figure 2 ). On the other hand, in a screw pinch, the only option to generate momentum flux is non-mirror symmetric shaping.
From sections 2.3 and 2.4 we know that the momentum flux from two geometric effects with similar mode numbers is polynomially small (for purely concave flux surfaces) in either mode number. This motivates using low order shaping effects (e.g. elongation, triangularity) to create rotation. Additionally, using the argument of reference [29] and section 2.5, we found that the momentum flux from two geometric effects is exponentially small in the difference between the mode numbers of the two effects. This motivates using low order shaping effects that have similar mode numbers and also distinguishes mirror and non-mirror symmetric configurations. In mirror symmetric tokamaks, the coupling between the toroidal geometric effect and shaping effects is the only mechanism that generates rotation. Non-mirror symmetric tokamaks have this same mechanism, but also allow two shaping effects to directly couple and generate rotation.
The results of this paper confirm that using low order shaping effects (e.g. elongation, triangularity) are best for creating rotation [25, 26, 27] and establish a distinction between mirror and non-mirror symmetric configurations. This suggests that non-mirror symmetric configurations may be able to generate higher levels of rotation.
The solution to this equation is given by cylindrical harmonics. Restricting ourselves to solutions with the magnetic axis at the origin, i.e. ψ N (r = 0, θ) = 0 and ∇ψ N r=0 = 0, we arrive at
Here the m = 2 terms correspond to elongation, m = 3 to triangularity, m = 4 to squareness, etc. There are no m = 1 terms because to lowest order in aspect ratio there is no Shafranov shift. The coefficients C m and S m are set by boundary conditions arising from the placement and currents of external shaping coils. Equation (A.4) can be rewritten as
where E m ≡ C 2 m + S 2 m and θ tm ≡ −m −1 arctan (S m /C m ) are constants that signify the magnitude of the shaping and the tilt angle respectively. We immediately note that θ tm is a constant, so dθ tm /da = dθ tm /dr ψ = 0. Equation (A.5) is the global MHD equilibrium for a large aspect ratio, constant current profile tokamak. It is general to arbitrary flux surface shaping, which is specified by the Fourier coefficients E m and the tilt angles θ tm .
Next we will take the global equilibrium of equation (A.5) and derive the corresponding local equilibrium. First, analogously to the flux surface label a, we will define b to be the maximum distance of the flux surface from the magnetic axis. When only one shaping effect is present, we see from equation (A.5) that
From equations (A.7) and (A.8) we can solve for
where ∆ m ≡ b/a is a generalization of the elongation (typically denoted by κ) for any single cylindrical harmonic. Then, substituting this into equations (A.6) and (A.7), we find This specifies the shape of the flux surface at minor radius a with only one shaping effect m. Expanding equation (15) in ∆ m − 1 1 and comparing with equation (A.11) we see that
However, the Miller local equilibrium model also requires the radial derivative of the flux surface shape as an input in order to calculate the poloidal field. Directly differentiating equation (A.13), remembering that ∆ m can change from flux surface to flux surface, we find
We can derive that .15) to lowest order in ∆ m − 1 1 by differentiating equation (A.9) implicitly, remembering that E m is a constant and that a and r ψ are related by equation (A.12) . This validates the ordering d∆ m /dr ψ ∼ m (∆ m − 1) /r ψ0 and gives
In this work we will study the effects of multiple shaping effects simultaneously. We will parameterize the geometry of these configurations by simply superimposing the different effects, in keeping with equations (A.13) and (A.16), as
For a constant current profile, large aspect ratio, weak plasma shaping, and any value of m, equations (15) and (16) reduce to these two equations.
Appendix B. General calculation of geometric coefficients within Miller local equilibrium
In this appendix we will calculate the eight geometric coefficients (i.e.b · ∇θ, B, v dsψ ,
, ∇ψ · ∇α, and ∇α
2
) that appear in the gyrokinetic equations. Here we will use the normal cylindrical poloidal angle θ, but the expressions are general to an arbitrary poloidal angle. In order to calculate these coefficients for the local equilibrium specification (given in subsection 2.1) we must work within the local Miller geometry model [41] . This means that we begin knowing the shape of the flux surface of interest (i.e. R (θ) and Z (θ)), how it changes with minor radius (i.e. ∂R/∂r ψ | θ and ∂Z/∂r ψ | θ ), and four flux functions (e.g. the toroidal flux function, the safety factor, the magnetic shear, and the pressure gradient) evaluated on the flux surface of interest. With only this information we can calculate the toroidal and poloidal magnetic fields using
where dψ/dr ψ can be calculated to be
from the definition of the safety factor. These gradients can be found from equation (24) . Using only this information we can calculateb · ∇θ, B, v dsψ (see equation (3)), a s|| (see equation (7)), and ∇ψ 2 .
However to calculate v dsα (see equation (4)), ∇ψ · ∇α, and ∇α 2 requires considerably more work as we must know ∇α, ∂B ζ /∂ψ| θ , and ∂B p /∂ψ| θ . Starting with ∂B p /∂ψ| θ , we see from equation (B.2) we see that it will depend on second order radial derivatives, which are not inputs to the Miller local equilibrium. The Miller model deals with this by calculating them through the Grad-Shafranov equation (see equation (27) ). We can rearrange equation (27) to get
is the Jacobian and the arc length l p is defined such that equation (34) holds. Simplifying further and using equation (24) we finally find that
Note that we have not yet determined dI/dψ, but will do so below. Next we directly differentiate equation (5) to find
where A α is the integrand in the definition of α (see equation (6)). All quantities in equation (B.7) are known except for the radial derivative of A α . We can calculate it by using the product rule on equation (6) to find
where we have made use of equation (B.6). This form is acceptable for the purposes of this paper, but we will rearrange it into a form that is more physically illuminating. To do so we will first write
using only equation ( . This allows us to see that
Combining this result with the second-to-last term in equation (B.8) allows us to use the product rule several times to find
Using equation (34) 
Lastly, substituting this into equation (B.7) and defining the poloidal curvature according to equation (33) produces
The first term inside the integral represents the change in the field line pitch that results from changing the toroidal field flux function on neighboring flux surfaces. The second term in the integral accounts for the modification to the flux surface equilibrium that results from a radial gradient in the toroidal flux function just as the third term expresses the effect the pressure gradient has on the equilibrium. The fourth term corresponds to how the toroidal magnetic field weakens as the major radial location changes and the last term in the integral accounts for the flux expansion (and weakening of the poloidal magnetic field) that occurs at regions of large poloidal curvature [27] . The term immediately following the integral accounts for the particulars of how θ is defined, but we note this term vanishes if contours of constant θ are perpendicular to the flux surface of interest. The last term in the ∇ψ coefficient is a consequence of changing which field line is labeled α = 0 from flux surface to flux surface. The final two terms of equation (B.14) reflect the nonuniform spacing of the field lines in the poloidal direction and the uniform spacing in the toroidal direction respectively. Equation (B.14) allows us to calculate ∇ψ · ∇α, and ∇α
, but we must remember that we still lack an expression for dI/dψ. This can be calculated by taking the radial gradient of the safety factor in order to get the magnetic shear,
This turns out to be very closely related to ∇α, so we can use equation (B.13) to find
Lastly we can directly differentiate equation (B.1) to find
where we remember that ∂R/∂r ψ is an input to the Miller model. This fully determines v dsα , defined by equation (4) . The expressions in this section allow us to directly calculate all of the the gyrokinetic geometric coefficients within the framework of the Miller local equilibrium model.
Appendix C. Maximum achievable flux surface shaping
If we try to create flux surfaces with extreme shaping, we will eventually introduce xpoints into the plasma, opening the flux surfaces. Since open field lines cannot confine fusion plasmas, this provides a fundamental limit on the strength of plasma shaping (which will prove useful in section 2.4). To quantify this we will take equation (A.5) from our analysis of the constant current profile and require that ∇ψ N = 0. This gives us the condition that E m = 2b Hence, we can conclude that, given a constant current profile, ∆ m − 1 ∼ m −1 is the strongest possible scaling. Any scaling stronger than this will necessarily introduce x-points into the plasma.
Appendix D. Non-mirror symmetric geometric coefficients
In this section we give the full gyrokinetic geometric coefficients to lowest and next order in m 1 for the geometry investigated in section 2.3. These coefficients are accurate to lowest order in aspect ratio, given the ordering of equations (42) and (43) . In deriving these coefficients the following quantities are useful as waypoints: 
